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Abstract. The industrial process of continuous sedimentation of solid particles in a liquid takes place in a clarifier-
thickener unit, which is a large tank with a feed inlet somewhere in the middle and outlets at the top and bottom. For
half a century the constitutive assumption by Kynch has provided a platform from which steady-state mass-balance
considerations have been used to obtain rules and graphical tools for prediction of steady-state situations, design
and control. This is often referred to as the ‘solids-flux theory’ containing such key words as the ‘operating line’,
‘state point’ and ‘limiting flux’. The basic assumptions of the solids-flux theory yield a nonlinear partial differential
equation that models the entire process. Since unique physically relevant solutions can now be obtained, the
knowledge of these is used to establish and extend the solids-flux theory. Detailed information on all steady-state
solutions and the control of these by adjusting a volume flow is presented by means of operating charts. Most of
these are concentration-flux diagrams with information on, for example, how to perform a control action to fulfil
a certain control objective formulated in terms of the output variables in steady state.
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1. Introduction

The industrial process of continuous sedimentation of solid particles in a liquid takes place
in a clarifier-thickener unit, which is a large tank having one feed inlet somewhere in the
middle and outlets at the top and bottom. It is used, for example, in the mineral industry and
waste-water treatment plants. Gravity sedimentation alone is a nonlinear process with discon-
tinuities in the concentration profile. The volume flows of the inlet and outlets in continuous
sedimentation entail that there is an additional nonlinear phenomenon that makes the behav-
iour even more complicated to predict and control. These facts imply that the mathematical
modelling is difficult and substantial simplifications still have to be made. However, the need
for information to the operators of the plants has led to the development of rules, operating
charts and graphical tools based on experiments and physical considerations in parallel to
the development of mathematically rigorous descriptions of the process by partial differential
equations.

1.1. PREVIOUS WORKS WITHIN THE SOLIDS-FLUX THEORY

As early as 1916 the influence of the concentration on the settling velocity was noticed by
Coe and Clevenger [1], who gave a formula for the minimum cross-sectional area required
for the thickener to work properly. The formula is a mass balance for the thickener in steady-
state operation involving the underflow discharge concentration, and the concentration and its
corresponding settling velocity in the lower part of the vessel. Different procedures for the
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design of thickeners presented later contain essentially the same information, see Vesilind [2],
Concha and Barrientos [3] and references therein.

In the pioneering work by Kynch [4] the method of characteristics was used to produce
solutions of the continuity equation, or conservation law, where the constitutive assumption
is that the settling velocity is a function of the concentration only. This assumption is valid
for ideal mono-sized particles that do not show any compressible behaviour and for which
diffusion phenomena are neglected; cf. experiments reported in [5–7]. Kynch’s assumption,
together with the conservation of mass in one dimension, has provided a platform called the
solids-flux theory from which many conclusions have been drawn. Graphical constructions by
using the batch-flux curve for obtaining concentrations in steady-state operation were initiated
by Yoshioka et al. [8] and developed by Jernqvist [9–11]. Unfortunately, Jernqvist’s results do
not seem to have reached other researchers. Similar developments, but not as extensive, were
made in the ’60s and ’70s by, for example, Hasset [12], Dick [13] and McHarg [14]. Concepts
such as the operating line, the limiting flux and the state point (pivot point, feed point) were
used in the flux theory to describe steady-state situations; see also [15, 16], [17, Chapter 5],
[18, 19]. Further interpretations concerning clarification failure and control were made in the
’70s and ’80s by Keinath, Laquidara et al. [20–22] and a chart describing steady states was
presented by Lev et al. [23]. Up to now the need for the flux theory and graphical constructions
for describing the process has been apparent; see e.g. [24–31]. The results presented in this
context have been obtained by direct physical considerations, mainly mass balances, and the
fundamental results were presented in 1965 by Jernqvist [10, 11].

1.2. RELATED WORKS

The advantage of the Kynch assumption is the possibility of constructing analytical solu-
tions of the conservation law, or continuity equation. The concentration is constant along the
characteristics, which are straight lines. As they intersect, a discontinuity, or shock wave, is
formed. Its speed is governed by the jump condition (conservation of mass), see Lax [32].
The entropy condition by Oleinik [33] ensures a unique and physically relevant solution for
given initial data. The construction of solutions by the method of characteristics describing
sedimentation in the thickening zone (below the feed level) or in batch mode can be found in
[34], [35, Chapter 6.7], [36–39].

Analyses of the entire clarifier-thickener unit having a varying cross-sectional area by a
nonlinear partial differential equation with point source and discontinuous flux function were
made independently and with different approaches by Chancelier et al. [40] and the author in
[41, 42]. To put it in a nutshell, Chancelier et al. smooth the discontinuities in the flux function
(and the point source) so that Oleinik’s entropy condition can be used. In [43] Chancelier
et al. relate their previously obtained results to the solids-flux theory and present, among
other things, a chart describing steady-state solutions.

In [41] the author presented a generalized entropy condition, which, for given initial data,
enables construction of the unique physically relevant solution of the entire process by the
method of characteristics, see [42, 44]. The solution is physically relevant in the sense of
viscosity solutions of a parabolic equation obtained when a small diffusion term is added to
the original hyperbolic equation in addition to the smoothing of the flux function, see [45, 46].
This entropy condition and the unique solutions enable a rigorous description of the solids-
flux theory and are crucial for the results of the present paper. The steady-state solutions have
been presented in [42, 47] and are classified in Section 3.2 in terms of a steady-state chart in
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the case of a constant cross-sectional area. If the cross-sectional area is varying, a more refined
chart can be obtained. The analysis then contains more technical details. The difference in the
behaviour of the process, however, is only substantial if the cross-sectional area decreases
rapidly with depth, see [44]. In this paper we confine ourselves to a constant cross-sectional
area.

The analysis of steady-state solutions by Lev et al. [23] is based on physical considerations
on mass balances, discussions on the continuity equation with and without a small diffusion
term and on some assumptions on the solution of these equations, e.g. on monotonicity, stabil-
ity and that the concentration is constant within the clarification and thickening zone (for the
hyperbolic equation), respectively. They present a steady-state chart with the same five regions
as in the present paper. The reason for this agreement is that their assumptions were correct for
the solutions corresponding to the interior of the five regions. As is shown in the present paper,
the solutions corresponding to the boundaries of these five regions may have discontinuities
within the clarification and thickening zone, which is important for the operation and control
of the clarifier-thickener unit.

It should be emphasized that many real flocculated suspensions show a compressible be-
haviour at high concentrations. Under normal operating conditions there is a compression
zone at the bottom of the thickener within which the process can be modelled by a parabolic
equation. The sedimentation process can then be modelled by a degenerate parabolic conser-
vation law. This has been studied extensively lately by, among others, Bürger and co-workers,
see [48, 49], [50, Chapters 9 and 10] and the references therein. Numerical calculations are
needed to obtain quantitative information already in the batch-sedimentation case for any
initial data. This is one reason why the present paper only deals with the hyperbolic model,
for which exact solutions can be constructed. Another one is the fact that the behaviour of the
degenerate parabolic model for arbitrary loading conditions in continuous sedimentation is
not yet analysed mathematically. A third reason – and the most important one – is to establish
the solids-flux theory and extend this in the direction of the control of the steady states.

1.3. THE AIMS OF THE PAPER

Given the ideal assumptions of the solids flux theory:
• the conservation of mass in one dimension,
• the Kynch constitutive assumption,

the theory of nonlinear conservation laws (with boundary relations satisfying the conserva-
tion of mass) yields all possible steady-state solutions for the entire clarification-thickening
process. These are obtained in previous papers by the author and constitute the theoretical
starting-point of the present paper. The focus is thus on the influence the volume flows of the
inlet and outlets have on the process of continuous sedimentation rather than on the modelling
of the batch sedimentation-consolidation process. The aims are the following:
1. Establish unique answers to the issues raised in the literature concerning the description of

the steady-state solutions. Extend the solids-flux theory to cover all theoretically possible
loading conditions. This comprises explicit formulae, a steady-state chart and graphical
constructions.

2. Introduce concepts and establish results on the dependence of the steady-state solutions
on the commonly used control variable: the volume flow of the underflow.



120 S. Diehl

Figure 1. Schematic picture of an ideal one-dimensional clarifier-thickener unit.

3. Discuss system purposes and suggest control criteria and objectives with respect to the
steady-state solutions. Present results on how to obtain the control objectives and what
the limitations are.

4. Obtain a better understanding and feeling of the nonlinear process by presenting the
results in terms of operating charts.

The rest of the paper is organized as follows: Section 2 reviews the mathematical model
of an ideal one-dimensional clarifier-thickener unit, the Kynch assumption and the notation
necessary for describing the steady-state solutions. Section 3 deals with the first aim above.
The second and the third aims are considered in Section 4 and the proofs are presented in the
Appendix. An example is provided in Section 5, and discussion and conclusions can be found
in Section 6.

2. A model of continuous sedimentation

2.1. THE CLARIFIER-THICKENER UNIT

Continuous sedimentation of solid particles in a liquid takes place in a clarifier-thickener unit
or settler, see Figure 1. Let u(x, t) denote the concentration (mass per unit volume) at depth x
and time t . The height of the clarification zone is denoted byH and the depth of the thickening
zone by D. At x = 0 the settler is fed with suspended solids at a known concentration uf(t)

and at a known constant flow rate Qf > 0 (volume per unit time). When considering steady-
state solutions, we assume that uf > 0. Otherwise, only the trivial zero solution applies. A
high concentration of solids is taken out at the underflow, at x = D, at a flow rate Qu. It is
assumed that 0 < Qu ≤ Qf. The effluent flow Qe, at x = −H , is consequently defined by
Qe = Qf −Qu ≥ 0. The cross-sectional area A of the settler is assumed to be constant and the
concentration u is assumed to be constant on each cross-section. The effluent and underflow
concentrations, ue(t) and uu(t), are unknown. We define the bulk velocities in the thickening
and clarification zone as

qu = Qu

A
, qe = Qe

A
,
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respectively, hence qe is positive upwards. Of course, the volume flows may depend on time,
but this is not written out explicitly. The volume flow of the underflow Qu is the control
variable of the process, and we assume that this flow can be adjusted by a pump. In Sections 2
and 3 Qu is considered to have a fixed, but arbitrary, value. In Section 4, which deals with the
control of steady states, the dependence on the control variable of all quantities is written out
explicitly.

2.2. KYNCH’S ASSUMPTION AND CHARACTERISTIC CONCENTRATIONS

According to the constitutive assumption by Kynch [4] the settling velocity of the solids due
to gravity in a batch settling column is a function of the local concentration only, vsettl(u). The
maximum packing concentration is denoted by umax. The batch-settling flux (mass per unit
time and unit area) is denoted by fb(u) = vsettl(u)u and is assumed to satisfy

fb ∈ C2[0, umax] , fb(u) > 0 , 0 < u < umax ,

fb(0) = fb(umax) = 0 , fb has an inflection point uinfl ∈ (0, umax) ,

f ′′
b (u) < 0, u ∈ (0, uinfl) , f ′′

b (u) > 0 , u ∈ (uinfl, umax) ,

(1)

see Figure 2. In continuous sedimentation the volume flows Qu and Qe give rise to the flux
terms quu and −qeu, respectively, which are superimposed on the batch-settling flux to yield

g(u) = fb(u)− qeu , −H < x < 0 ,

f (u) = fb(u)+ quu , 0 < x < D .

see Figure 2. The form of the batch-settling flux function fb and the two volume flows Qu

and Qe imply that there are certain characteristic concentrations that appear in the solutions.
Because of Lemma 1 (in the Appendix) we can define uz > 0 as the unique positive zero of
g, i.e., g(uz) = 0; cf. Figure 2. (If Qe is so large that g(u) < 0 for all u > 0, we define
uz = 0, which implies simplifications in the analysis. This corresponds to an extreme case,
which is probably not of interest in the application.) The concentration uz is such that the
gravity settling downwards is balanced by the bulk flow upwards. Hence, a layer of solids in
the clarification zone with this concentration will be at rest. Define

q̄u = −f ′
b(umax) and ¯̄qu = −f ′

b(uinfl) ,

Figure 2. Flux curves and characteristic concentrations. Note that fb(u), f (u) and g(u) have the same inflection
point uinfl.
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which are the bulk velocities such that the slope of f is zero at umax and uinfl, respectively,
see Figure 2. The local minimizer, denoted uM, on the right of uinfl plays an important role
in the behaviour of the process. For intermediate values of qu, i.e., q̄u < qu < ¯̄qu, we have
0 = f ′(uM) = f ′

b(uM)+qu. To obtain a definition for all values of qu we define the restriction
f̃b = fb|(uinfl,umax). Then f̃ ′

b is increasing and we define

uM =



umax , 0 < qu ≤ q̄u ,

(f̃ ′
b)

−1(−qu) , q̄u < qu < ¯̄qu ,

uinfl , qu ≥ ¯̄qu .

Given uM we define um as the unique concentration satisfying

f (um) = f (uM) , 0 < um ≤ uinfl ,

see Figure 2 (right).

2.3. THE MATHEMATICAL MODEL

The mathematical model is described in [42] and we outline it only briefly here. We extend
the space variable to the whole real line by assuming that the particles outside the settler have
the same speed as the liquid. The total flux function is defined as

F(u, x) =




−qeu , x < −H ,

g(u) = fb(u)− qeu , −H < x < 0 ,

f (u) = fb(u)+ quu , 0 < x < D ,

quu , x > D .

(2)

The conservation law (preservation of mass) can be written as

ut + (F (u, x))x = s(t)δ(x) , (3)

where δ is the Dirac measure and the source function

s(t) = Qf

A
uf(t) = Qu +Qe

A
uf(t) = (qu + qe)uf(t) (4)

describes the feed flux, i.e., the mass per unit time and unit settler area entering the settler.
Equation (3) should be interpreted in the weak sense. It reduces to

ut + g(u)x = 0 in the clarification zone ,

ut + f (u)x = 0 in the thickening zone ,

and to linear equations in the regions outside the settler. Within each zone the method of char-
acteristics can be used together with the jump condition and the entropy condition by Oleinik
[33] to construct solutions. At boundary discontinuities the situation is more complicated. At
the feed inlet, x = 0, the jump condition is

f
(
u+(t)

) = g
(
u−(t)

)+ s(t) , (5)

where u±(t) are the boundary concentrations at x = 0±. This equation is not sufficient to
determine the two boundary concentrations uniquely. Analogously, the jump conditions at the
effluent and underflow levels are
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g
(
uH (t)

) = −qeue(t) at x = −H ,

f
(
uD(t)

) = quuu(t) at x = D ,
(6)

where uH and uD are the boundary concentrations within the settler at the top and bottom,
respectively. This type of non-uniqueness originating from the discontinuities in F(u, ·) is
resolved by the entropy condition introduced in [41], which is a generalization of Oleinik’s
entropy condition. With this condition unique solutions for the whole settler including the
prediction of the outlet concentrations can be constructed, see [42, 44]. Some regularity
assumptions on piecewise smoothness and piecewise monotonicity of the solution at the
boundaries are required. However, these cause no restrictions in the present application.

3. The steady states

3.1. THE SOLIDS-FLUX THEORY

The classical solids-flux theory is described and commented upon in several papers, e.g.,
Jernqvist [9–11], Ozinsky et al. [29], and Keinath [22] and Chancelier et al. [43]. Examples
of graphical constructions are shown in Figure 3. The intersection of the ‘operating line’
y = s−quu and the ‘effluent line’ y = qeu defines the ‘state point’. This occurs at the concen-
tration uf because of (4). If, for intermediate feed concentrations, the operating line cuts the
batch-flux curve two or three times, then it is known that the settler will become overloaded.
This is called thickening failure and occurs thus for s−quuM > fb(uM) ⇔ s > f (uM), where
f (uM) is called the limiting flux, cf. Figure 2 (right). Several other physically interesting cases
of steady-state situations are also described in the literature, however, not all.

The concept of state point is slightly misleading, because it does not describe the state of
the settler at the present time. It corresponds to the asymptotic state that is reached after a
long or infinite time, provided the input variables are constant. Therefore, we do not adopt
this terminology. Although the solids-flux theory only deals with steady-state conditions,
conclusions are sometimes drawn on transient behaviours, in particular, at overflow situations.
This means that assumptions on the concentrations (the solution of the conservation law) are
made, which may not be correct. In waste-water treatment, where large sedimentation tanks
are used partly as buffers of mass of biological sludge, a transient behaviour with s �= quuu

(feed flux �= underflow flux) may be present and wanted for several hours. Hence, the settler is
not in steady state and the solids-flux theory is not sufficient to describe such a situation. If the

Figure 3. Examples of the classical graphical construction. Left: Underloaded conditions. uth is the constant
concentration in the thickening zone. Right: Critical conditions. The operating line is tangent to the batch flux
curve at (uM, fb(uM)). There is a discontinuity between um and uM in the thickening zone.
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operating line moves above the whole curve, or intersects it only once at a high concentration,
the situation is called clarification failure (Laquidara and Keinath [21]), which is referred to
as a transient situation. This will be analysed in a subsequent paper [51].

3.2. OPERATING CHARTS FOR STEADY STATES AND GRAPHICAL CONSTRUCTIONS

3.2.1. Preliminaries
By using the knowledge of the solutions of (3), see [42, 47], the limitations of the solids-
flux theory can be overcome. All steady-state solutions have been presented in these papers
as a mere result of investigating the existence and uniqueness of solutions (with a constant
and a varying cross-sectional area, respectively). For the control of the process it is vital to
have a simpler way of presenting these solutions. In this section we show how all steady-state
solutions can be classified in terms of only one table and an operating chart giving a much
better overview. Moreover, we show how the concentrations of a steady-state solution can be
obtained uniquely by a graphical construction, given the feed concentration and feed flux.

In the two classical concentration-flux diagrams shown in Figure 3 the concentrations in
the thickening zone and the underflow concentration can be obtained along the operating line.
However, the flux in the thickening zone and at the lower outlet has the constant value s.
Accordingly, it is more natural to have the operating line horizontal in a concentration-flux
diagram. Because of this and the jump condition (5) we draw the graphs of f (u) and g(u)+ s

in the same concentration-flux diagram, which we call an operating chart, see Figure 4. This
means that we add the bulk flux quu to the graphs of fb(u) and the straight lines in Figure 3.
Then the previous operating line becomes horizontal at the flux value s that is present at
every depth in the thickening zone for an underloaded or critically loaded settler. The previous
overflow line becomes y = (qu + qe)u, which we call the feed line, cf. (4). Note that uf is the
unique intersection of the graphs of f (u) and g(u)+s as well as of the effluent line y = s−qeu

and the underflow line y = quu. The feed variables define the feed point

(uf, s) ∈ � ≡ {
(u, y) : 0 < u ≤ umax, y > 0

}
.

Note that when considering steady-state solutions we assume that uf > 0. Otherwise only the
trivial zero solution applies. Since we also assume that Qf > 0 (Qf = 0 corresponds to batch
sedimentation), only s = Qfuf/A > 0 is valid.

Figure 4. Examples of graphical constructions for obtaining steady-state concentrations. Left: Underloaded con-
ditions, cf. Figure 3 (left). Right: Overloaded conditions with a nonzero effluent concentration, the constant
concentration ucl in the clarification zone and uth = uM in the thickening zone.
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For overloaded situations the classical construction with its operating line does not give any
information on the steady-state concentrations. Figure 4 (right) shows how the steady-state
concentrations can be obtained. We comment on this in the context of Figure 6.

3.2.2. The steady-state chart
In order to describe all steady-state solutions by the aim of an operating chart and to justify
the constructions in Figure 4 we need two key fluxes. A generalized definition of the limiting
flux is given by Chancelier et al. [40]:

flim(u) = min
u≤α≤umax

f (α) =
{
f (u) , u ∈ [0, um] ∪ [uM, umax] ,
f (uM) , u ∈ (um, uM) ,

(7)

see Figure 5. We define the excess flux as

E(uf, s) = s − flim(uf)

and the following subsets of �:

U1 = {(u, y) : 0 < quu ≤ y < min (f (uM), f (u))} ,
U2 = {(u, y) : uM < u ≤ umax, f (uM) < y < f (u), y ≥ quu} ,
�1 = {(u, f (u)) : 0 < u < um} ,
p = (um, f (um)) ,

�2 = {(u, f (uM)) : um < u ≤ uM} ,

�3 =
{
(u, f (uM)) : uM < u ≤ f (uM)

qu

}
,

�4 = {(u, f (u)) : uM < u ≤ umax} ,
�5 = {(um, y) : y > f (uM)} ,
O1 = {(u, y) : 0 < u < um, y > f (u)} ,
O2 = {(u, y) : um < u ≤ uM, y > f (uM)} ,
O3 = {(u, y) : uM < u ≤ umax, y > f (u)} .

THEOREM 1. With respect to the location of the feed point (uf, s) ∈ � all steady states of
the settler are described by the steady-state chart shown in Figure 5 and the accompanying
Table 1. For each (uf, s) ∈ U1 ∪U2 ∪O1 ∪O2 ∪O3 there exists a unique steady-state solution.
If (uf, s) ∈ ⋃5

i=1 �i there exists a steady-state solution, which is uniquely determined except
for the location of a discontinuity.

The proof consists in rearranging all steady-state solutions as presented in [42, 47]. The last
two statements are commented upon in the context of the mass of the settler, see (9) and (10).
Note that the feed point always lies on or above the line y = quu, because s = (qu + qe)uf ≥
quuf. It should be noted that in Table 1 um and uM each has the same value in the whole table,
since Qu (and qu) has a fixed value independently of the feed point. However, the positive zero
uz of g varies with the feed point, because (4) implies that

g(u) = fb(u)− qeu = fb(u)−
(
s

uf
− qu

)
u .
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Figure 5. The limiting flux (upper left). The steady-state chart in the cases q̄u < qu < ¯̄qu (upper right),
0 < qu ≤ q̄u (lower left) and qu > ¯̄qu (lower right).

Note also that some regions become empty for values of qu outside the interval (q̄u, ¯̄qu).
Furthermore, if qe = 0 then there is no effluent flow and ue is not defined. Recall that we
have required qu > 0.

3.2.3. Consequences
There are several interesting consequences of Theorem 1. Firstly, it is natural to say that the
settler is underloaded if E(uf, s) < 0, overloaded if E > 0 and critically loaded if E = 0 (cf.
Figure 6). Let fthick denote the flux in the thickening zone in steady state. From Table 1 it is
possible to extract the following explicit formulae.

COROLLARY 1. Given a feed point (uf, s) ∈ � the following holds in steady state:

fthick(uf, s) = min (s, flim(uf)) , uu(uf, s) = Afthick(uf, s)

Qu
,

Qe(uf, s) = As

uf
−Qu , ue(uf, s) = Amax (0,E(uf, s))

Qe
(Qe > 0) .

(8)

Note that ue is not defined if Qe = 0. The property of fthick motivates the definition of the
limiting flux, see Figure 6, which shows the common cases of underloaded and overloaded
settler for intermediate feed concentrations.

Now we can generalize the concept of operating line to be the horizontal line
y = fthick(uf, s). For example, in both Figures 4 and 6 the operating lines are y = s (left
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Table 1. The steady states of the settler. If the concentration in the clarification zone is constant, it is
denoted by ucl. The notation with braces means either that the concentration is either zero or uz in the
whole clarification zone, or there is a discontinuity within the zone with the concentration zero above
and uz below. (In some of the cases only two of these three alternatives are actually possible, but we
refrain from distinguishing such subtle subcases.) An analogous notation is used for the thickening
zone.
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Figure 6. Left: Underloaded settler; (uf, s) ∈ U1. The thickening zone can handle all the feed flux; fthick = s.
Right: Overloaded settler; (uf, s) ∈ O2. The upward flux in the clarification zone is equal to the excess flux;
s − fthick = E . A graphical construction of all concentrations without using g is demonstrated; uth = uM.

charts) and y = f (uM) (right charts). It is time to comment on the graphical way of obtaining
ue and ucl in these two figures, particularly the right charts, in which (uf, s) ∈ O2. Table 1 gives
that the concentration in the clarification zone is constant and given by f (uM) = g(ucl) + s,
hence it is obtained as the intersection of the operating line y = f (uM) and the graph of g(·)+s
(Figure 4, right). The conservation of mass at the effluent at x = −H is g(ucl) = −qeue, see
(6). Hence, f (uM) = s+g(ucl) = s−qeue, which explains that ue is obtained as the intersec-
tion of the operating line and the effluent line y = s − qeu. These concentrations can also be
obtained without the use of g and the effluent line. Draw the line y = f (uM)+(qu+qe)(u−uf)

(long dashes in Figure 6 (right)), which is parallel to the feed line and passes through the point
(uf, f (uM)). ucl is obtained from the intersection of this line and the graph of f . This can be
seen from the definition of g and (4):

f (uM) = g(ucl)+ s = fb(ucl)− qeucl + (qu + qe)uf =
= fb(ucl)+ quucl − (qu + qe)(ucl − uf) = f (ucl)− (qu + qe)(ucl − uf)

⇐⇒ f (uM)+ (qu + qe)(ucl − uf) = f (ucl) .

Furthermore, ue is the intersection of the latter drawn line and the underflow line y = quu,
since

f (uM) = g(ucl)+ s = −qeue + (qu + qe)uf = −(qu + qe)(ue − uf)+ quue ⇐⇒
f (uM)+ (qu + qe)(ue − uf) = quue .

The concentration profile within the settler in steady state is always non-decreasing with
depth and piecewise constant with at most two discontinuities and at most one discontinuity
in each of the two zones, see Table 1. The only possibility for a steady-state solution having
discontinuities both in the clarification and thickening zone is for (uf, s) = p.

For (uf, s) ∈ �2 ∪ �3 there is a possible discontinuity in the thickening zone, which we
call the sludge blanket using the terminology from waste-water treatment. Its existence is
possible only if s = f (uM) and it can be located at any depth in the thickening zone. The
concentration above and below it is um and uM, respectively, see Table 1. Then the total mass
satisfies m < ADuM. If m = ADuM and (uf, s) ∈ �2 ∪ �3, then the sludge blanket is located
at the feed level with zero concentration above and uM below. If m > ADuM, then there is a
discontinuity in the clarification zone between zero and uz. We may say that the sludge blanket
is forced above the feed level. This may occur for (uf, s) ∈ �1 ∪ �2 ∪ �4.
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For (uf, s) ∈ ⋃5
i=1 �i at most one discontinuity (sludge blanket) is possible within the

clarification or thickening zone. Let x = xsb be its location. From Table 1 we get that the mass
in the settler is

�1 ∪ �4 : m = A(D − xsb)uf , −H ≤ xsb ≤ 0 ,

�2 : m =
{
A(−xsbuz +DuM) , −H ≤ xsb < 0 ,

A (xsbum + (D − xsb) uM) , 0 ≤ xsb ≤ D ,

�3 : m = A(xsbum + (D − xsb)uM) , 0 ≤ xsb ≤ D ,

�5 : m = A((H + xsb)um + (D − xsb)uM) , 0 ≤ xsb ≤ D .

(9)

For each of these regions m is a decreasing (and continuous) function of xsb. Hence, for given
(uf, s) ∈ ⋃5

i=1 �i there exists a steady-state solution, which is uniquely determined by a given
total mass or, equivalently, the location xsb of the sludge blanket.

For (uf, s) ∈ U1 ∪ U2 ∪ O1 ∪ O2 ∪ O3 there exists a unique steady-state solution and the
mass in the different regions can be extracted from Table 1:

m(uf, s) =



ADuth(s) , (uf, s) ∈ U1 ∪ U2 ,

A(H +D)uf , (uf, s) ∈ O1 ∪ O3 ,

A (Hucl(uf, s)+DuM) , (uf, s) ∈ O2 .

(10)

This information can be shown in an operating chart, see Figure 7.
A critically loaded settler becomes over/underloaded in the new steady state if Qf, and

thereby s, increases/decreases and uf is fixed – the feed point moves vertically up/down. What
happens if Qf is fixed and the feed concentration varies? Then the feed point moves along the
feed line y = (qu + qe)u = Qf

A
u because of (4), see Figure 8. The statement of the proposition

below is natural, however, it may not be true for some feed points in �1 or �4 in the case fb

has more than one inflection point; cf. [52–54].

PROPOSTION 1. Given a critically loaded settler with uf ∈ (0, umax] and fb satisfying (1). If
the feed concentration changes to uf1 ∈ (0, umax] and Qf is fixed, then

uf1 − uf < 0 (> 0) �⇒ the settler will become underloaded (overloaded) .

Graphically, the proposition says that the feed line y = (qu + qe)u intersects the graph
of flim(u) only at the point (uf, flim(uf)) except for the origin, see Figure 8. We omit the
proof, which is a minor modification of the proof of the second statement of Lemma 1 in the
Appendix.

4. On the control of the steady states

4.1. SYSTEM PURPOSES, CONTROL CRITERIA AND OBJECTIVES

The aims of the settler may vary depending on in what industrial process it is involved. At
least in waste-water treatment the main purposes of the settler are the following. It should
1. produce a low effluent concentration.
2. produce a high underflow concentration.
3. work as a buffer of mass and be insensitive to small variations in the feed variables.
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Figure 7. Upper left: Batch-settling flux used for the numerical results in this paper:

fb(u) = 10u
(
(1 − 0·64u/umax)

6·55 − 0·366·55
) [

kg/(m2h)
]
. Upper right and lower: Contours and graph of

m(uf, s) [tonnes] given by (10). The numerical values used are H = 1 m, D = 4 m, A = π(30 m)2 = 2827 m2

and Qu = 3000 m3/h.

These purposes cannot be controlled independently. Besides fulfilling the main purposes
a control strategy should be able to utilize the capacity of the settler, i.e., a control strategy
should
4. maximize the capacity of the thickening zone.
5. maximize the effluent flow.

The above purposes have various implicit economic aspects. Such aspects are also related
to the treatment before and after the continuous-sedimentation process. These issues, however,
are beyond the scope of the present study. One aim of this paper is to present quantitative
descriptions of the steady states in order to facilitate the formation of control criteria and
objectives with respect to the five purposes above. In order to specify and suggest such things
we need to know how the characteristic concentrations, fluxes and the steady-state regions of
the operating chart depend on the control variable Qu. Therefore, we define
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Figure 8. Left: Illustration to Proposition 1. Right: A flux curve with more than one inflection point. Given the
location of (uf, flim(uf)) the contrast to Proposition 1 holds, e.g., a decrease in uf will result in an overloaded
settler.

Q̄u = Aq̄u , Qu = A ¯̄qu

and from now on write out the dependence on the feed point and Qu, for example,

Qe(uf, s,Qu) = As

uf
−Qu , (11)

uM(Qu) (see Figure 9), f (u,Qu), E(uf, s,Qu), fthick(uf, s,Qu), �1(Qu), etc. These functions
are continuous and differentiable almost everywhere. Their monotonicity properties with re-
spect to Qu are given in Lemma 2 in the Appendix. With references to these monotonicity
properties, the steady-state formulae (8) and the purposes of the settler given above we con-
sider the following control criteria, which are formulated in terms of the output variables on
the left-hand side and the feed point and the control variable on the right-hand side (disregard-
ing the point p(Qu)):

1. ue = 0 ⇐⇒ E(uf, s,Qu) ≤ 0

2. uu is maximized ⇐⇒ Qu is minimized

3. ucl = 0 and there is a discon- ⇐⇒ (uf, s) ∈ �2(Qu) ∪ �3(Qu) and

tinuity at xsb ∈ (0,D) in the um(Qu) < m(xsb,Qu)/(AD) < uM(Qu)

thickening zone

4. fthick is maximized ⇐⇒ E(uf, s,Qu) ≥ 0

5. Qe is maximized ⇐⇒ Qu is minimized
We say that the settler is in optimal operation (in steady state) if criterion 3 is satisfied.

The right implication follows from Table 1 and the left one from (9). This means that Figure 9
can be used as an operating chart for the linear relationship (cf. (9)) between m(xsb,Qu)

and xsb. For a fixed Qu the vertical line between (Qu, uM(Qu)) and (Qu, um(Qu)) (there are
two dashed such in Figure 9) represents the depth of the thickening zone, with x = 0 at
(Qu, uM(Qu)) and x = D at (Qu, um(Qu)). Along this line, from top to bottom, the possible
values of m(xsb,Qu)/(AD) can be read on the u-axis, and these values increase linearly as xsb

increases from 0 to D. For example, in the middle of the interval the mass is m = AD(um +
uM)/2 corresponding to xsb = D/2, i.e., a sludge blanket in the middle of the thickening

zone. We also note that criterion 3 implies that Qu < Qu, because otherwise uM(Qu) =
um(Qu) = uinfl, which is a contradiction. During dynamic behaviour the total mass depends
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Figure 9. Graphs of uM(Qu) and um(Qu) (solid lines), which coincide for Qu ≥ Qu = 5168 m3/h. The figure
also serves as an operating chart for optimal operation showing the relationship between m(xsb,Qu)/(AD) (read
on the u-axis) and the depth of the sludge blanket xsb. The two points on the dashed lines correspond to the initial
and final steady states, respectively, of the example in Section 5, where D = 4 m. Each dashed line represents the
depth of the thickening zone.

on the solution, which also depends on when a control action is performed. This makes it
difficult to obtain general control strategies beforehand for obtaining a specific sludge blanket
depth, cf. the example in Section 5. Information on the transient behaviour will be given in a
subsequent paper [51].

Control actions for fulfilling the other criteria can be performed at any time. Besides
the given criteria there may be constraints that limit the possibilities of a control action,
for example, an upper bound on the control variable because of a limited pump capacity.
The control criteria may be weighted together differently in different applications. However,
natural control objectives are:

• The settler is in optimal operation.
• (uf, s) ∈ p(Qu) ∪ �2(Qu) ∪ �3(Qu).
• E(uf, s,Qu) = 0 ⇐⇒ (uf, s) ∈ �1(Qu) ∪ p(Qu) ∪ �2(Qu) ∪ �4(Qu).
• E(uf, s,Qu) ≤ 0 with uu(uf, s,Qu) and Qe(uf, s,Qu) lying in prescribed intervals.

Only the last objective concerns control criteria 2 and 5. The first objective is discussed above
and information on the possibility of fulfilling the others are given in the next section.

4.2. OPERATING CHARTS FOR CONTROL

For the control objectives stated above it is vital to find a value of the control variable Qu

such that E(uf, s,Qu) = 0 ⇔ s = flim(uf,Qu). Guided by the graphs of flim(·,Qu) shown in
Figure 10 (left) we define the regions in the operating chart:

�i = ⋃
Qu>0

�i(Qu) , i = 1, . . . , 4 ,

P = P1 ∪ P2 , where P1 = ⋃
0<Qu≤ ¯̄Qu

p(Qu) , P2 = ⋃
Qu>

¯̄Qu

p(Qu) ,

see Figure 10 (right).
THEOREM 2. Given (uf, s) ∈ � = {

(u, y) : 0 < u ≤ umax, y > 0
}

there exists a unique
Q̃u(uf, s) > 0 such that E(uf, s, Q̃u) = 0 and the following properties hold:
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(uf, s) ∈ �i �⇒ (uf, s) ∈ �i(Q̃u) , i = 1, 2, 4 ,

(uf, s) ∈ P �⇒ (uf, s) ∈ p(Q̃u) ,

∂Q̃u

∂uf
=




−A

uf

∂f

∂u
(uf, Q̃u) < 0 , (uf, s) /∈ �2 ∪ P1 ,

0 , (uf, s) ∈ �2 ,

∂Q̃u

∂s
=



A

uf
> 0 , (uf, s) /∈ �2 ∪ P1 ,

A

uM(Q̃u)
> 0 , (uf, s) ∈ �2 ,

Q̃u is a continuous function on �,

E(uf, s,Qu) ≤ 0 ⇐⇒ Qu ≥ Q̃u(uf, s) . (12)

If (uf, s) ∈ �3 then there exists a unique Qu > 0 with (uf, s) ∈ �3(Qu).

(The proof can be found in the Appendix.) Equivalence (12) means that the settler is under-
loaded (or critically loaded) if and only if the value of the control variable is greater than (or
equal to) the critical value Q̃u. If strict inequality applies the particles are flushed out through
the underflow and there is no possibility for a sludge blanket within the thickening zone.

For each feed point the value Qu = Q̃u(uf, s) is obtained by solving the non-linear equa-
tion s = flim(uf,Qu). However, the contours of Q̃u(uf, s) are easy to obtain since these are
the family of graphs of flim(·,Qu), see Figure 10 (left), which thus constitutes an important
operating chart.

Consider the last control objective stated in Section 4.1. For a given feed point in � the
underflow concentration

uu(uf, s,Qu) = Afthick(uf, s,Qu)

Qu
=



As

Qu
, s ≤ flim(uf,Qu)

Aflim(uf,Qu)

Qu
, s > flim(uf,Qu)

(13)

Figure 10. Operating charts for control of steady states. Left: Graphs of flim(·,Qu) for some values of Qu. Right:
The control chart. �4 = �3 ∪ �′. Theorem 2 says that given a feed point in this chart there is a unique graph
flim(·, Q̃u) that passes through the feed point. With the value Q̃u the settler is critically loaded in steady state.
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is a continuous function of Qu, which is constant for small Qu > 0 and then decreasing (at
least for Qu ≥ Q̄u) by Lemma 2. Since flim is a continuous and increasing function of Qu

(Lemma 2), flim(uf, 0) = 0 and fb(umax) = 0 it follows that

lim
Qu→0+

uu(uf, s,Qu) = lim
Qu→0+

Af (umax,Qu)

Qu
= lim

Qu→0+
Afb(umax)+Quumax

Qu
= umax ,

inf
0<Qu≤Qf

uu(uf, s,Qu) = uu(uf, s,Qf) = As

Qf
= uf .

This, together with (A6), implies that any prescribed value on the underflow concentration in
the interval [uf, umax) could be obtained by choosing an appropriate value of Qu > 0. How-
ever, constraint (12), which ensures that the settler is not overloaded, reduces the maximum
value of the underflow concentration:

uf ≤ uu(uf, s,Qu) ≤ uu

(
uf, s, Q̃u(uf, s)

)
= As

Q̃u(uf, s)
≡ ũu(uf, s) .

Analogously, (12) implies an upper bound on the effluent volume flow because of (11):

0 ≤ Qe(uf, s,Qu) ≤ As

uf
− Q̃u(uf, s) ≡ Q̃e(uf, s) .

Note that in the definitions of ũu and Q̃e the relation s = flim

(
uf, s, Q̃u(uf, s)

)
holds. These

functions are continuous on � and have the following properties (see the Appendix):

∂Q̃e

∂uf
< 0 , (uf, s) /∈ P1 , (14a)

∂Q̃e

∂s

{ = 0 , (uf, s) ∈ �1 ∪ closure(�4) ,

> 0 , (uf, s) ∈ interior(�2) ,
(14b)

Q̃e(uf, s)

{
> 0 , uf < umax ,

= 0 , uf = umax ,
(14c)

∂ũu

∂uf
= −As

Q̃2
u

∂Q̃u

∂uf

{
> 0 , (uf, s) /∈ �2 ∪ P1 ,

= 0 , (uf, s) ∈ �2 ,
(14d)

∂ũu

∂s

{ = 0 , (uf, s) ∈ (�2 ∩ {(u, y) : y ≤ q̄uumax
}) ∪ {(umax, y) : y > 0

} ≡ ϒ ,

< 0 , (uf, s) /∈ ϒ ∪ P1 ,
(14e)

ũu(uf, s)

{ = umax , (uf, s) ∈ ϒ ,

∈ (0, umax) , (uf, s) /∈ ϒ .
(14f)

These properties provide further information in operating charts for control, see Figure 11.
As a last interesting engineering concept we introduce the thickening factor θ = uu/uf. The
maximum capacity of the settler to thicken the feed concentration for a critically loaded settler
is thus
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Figure 11. Operating charts with contours of the maximum values Q̃e(uf, s) [m3/h] (left) and ũu(uf, s) [kg/m3]
(right).

θ̃ (uf, s) = ũu(uf, s)

uf
= As

Q̃u(uf, s)uf

.

This is a continuous function on � and has the following monotonicity properties (see the
Appendix):

∂θ̃

∂uf
=




A2s

Q̃2
uu

2
f

f ′
b(uf) , (uf, s) /∈ �2 ∪ P1 ,

− As

Q̃uu
2
f

< 0 , (uf, s) ∈ �2 ,

(15a)

∂θ̃

∂s
= 1

uf

∂ũu

∂s
=
{ = 0 , (uf, s) ∈ ϒ ,

< 0 , (uf, s) /∈ ϒ ∪ P1 .
(15b)

Note the change of sign of ∂θ̃/∂uf in �1 (Figure 12) at the concentration of the maximum of
fb (cf. Figure 7, upper left).

5. Example

Assume that the settler initially is in optimal operation with the feed point (uf0, s0) ∈ �2(Qu0),
where uf0 = 6 kg/m3, s0 = 6 kg/(m2h) and Qu0 = 1908 m3/h, and that there is a sludge
blanket in the middle of the thickening zone, i.e., at the depth xsb = 2 m. The feed concen-
tration and flux increase linearly for 0 < t < 2 h and for t ≥ 2 h the feed point stays at
(uf, s) = (7, 11) ∈ �3, see Figure 13. At t = 2·5 h the control variable is increased by a
step to Qu = 4045 m3/h, which implies that (uf, s) = (7, 11) ∈ �3(Qu) (cf. Theorem 2,
last row). A numerical simulation is shown in Figure 14. The numerical algorithm presented
in [55] is used. Note how a part of the fed mass is conveyed up into the clarification zone
and that the settler would be overloaded unless the control variable were changed. As the
control variable makes a step increase at t = 2·5 h the flux at the bottom, where the con-
centration is uM0, makes a step increase (from s0 to f (uM0) > s > s0). This implies that
the underflow concentration decreases by a step from uu0 to a value denoted by uu(2·5 + 0),
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Figure 12. Operating chart with contours of the maximum thickening factor θ̃ (uf, s). The maximum of fb is
located at the concentration 2·06 kg/m3.

Figure 13. The path (with arrows) of the feed point in the control chart together with the graphs of
flim(·,Qu0 = 1908) and flim(·,Qu = 4045).

see Figure 13. After this time point the mass decreases since the feed flux is lower than the
bottom flux. As characteristics carrying lower concentration values than uM0 reach the bottom
(at t ≈ 5 h) the bottom concentration decreases continuously. The new steady-state solution
(which appears after infinite time) contains a sludge blanket with the concentration um = 2·0
above and uM = 5·7 kg/m3 below it. The underflow concentration in the new steady state
is uu = 7·7 kg/m3, which is slightly higher than uM0 = 7·6 kg/m3, see Figure 13. Further
simulation yields the new steady-state values xsb ≈ 0·9 m and m ≈ 55 tonnes. The settler is in
optimal operation both in the initial and the final steady state. In Figure 9 we have shown the
two corresponding points relating the mass in the settler and the depth of the sludge blanket.
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Figure 14. A numerical simulation with a control action at t = 2.5 h to prevent an overloaded settler.

6. Discussion and conclusions

The main types of nonlinearities of the process of continuous sedimentation are the following
– at least when considered as a one-dimensional process:
1. The nonlinearity that causes large gradients (or discontinuities) of the concentration pro-

file of the batch-sedimentation process originates from the nonlinear settling velocity as
a function of the local concentration – the Kynch constitutive assumption. This leads to
a hyperbolic partial differential equation (conservation law) with a convective nonlinear
flux term.

2. Many suspensions show a nonlinear compressible behaviour at high concentrations. This
can be modelled by adding a nonlinear (degenerate) diffusion term and hence the con-
servation law becomes (degenerate) parabolic. However, then numerical calculations are
needed to obtain quantitative information.
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3. The volume flows of the inlet and outlets of the clarifier-thickener unit cause another
nonlinear phenomenon. Different flux functions in different regions imply spacial discon-
tinuities of the flux function of the conservation law.

The paper deals only with the first and third type of nonlinearity for the following reasons:
• The Kynch assumption together with the conservation of mass in one dimension consti-

tutes the solids-flux theory, which for many years has been, and still is, used to predict
the behaviour of continuous sedimentation.

• Although based on the same assumptions, the results presented in the literature are not
unique and do note cover all cases of loading conditions. The main reason for this has to
do with the difficulty in concluding, by physical reasoning, the distribution of particles
above and below the feed level (the third nonlinearity).

• The behaviour of a degenerate parabolic model for arbitrary loading conditions in con-
tinuous sedimentation is not yet analysed mathematically.

• Analytic calculations are possible in the hyperbolic case, generated by the first and third
type of nonlinearity.

Mathematical results have now reached such a level that it is possible to describe the clas-
sical solids-flux theory rigorously and to extended it. Detailed information on the behaviour
and the control of the process can be obtained. Because of the nonlinearities of the process,
however, it is not easy to get a comprehensive overview of this information and a good sense
of the process. One way is to visualise the information by means of engineering concepts
such as graphical constructions and operating charts. In this paper all charts but one are
concentration-flux diagrams in which the location of the feed point (uf, s) yields different
types of information.

The main results of the paper can be found in Sections 3.2 and 4. In Section 3.2 the type of
steady-state solution, its concentrations and the total mass can be inferred from Figures 4–7.
As for the graphical constructions for obtaining steady-state concentrations, we can estab-
lish that those made by Jernqvist [10, 11] (without any partial differential equations) agree
with the present results. Formulae (8) comprise explicit expressions for the output variables
(ue, uu,Qe) as functions of the feed variables (uf, s) covering all steady states.

In Section 4 five purposes of the clarifier-thickener unit are discussed and formulated in
terms of mathematical control criteria, which depend on the control variableQu. These criteria
may be weighted together differently in different applications to form a control objective.
There is a natural ideal control objective which says that the settler should be in optimal
operation in steady state: zero concentration in the clarification zone and a large discontinuity
(sludge blanket) within the thickening zone. The relation between the total mass, the depth
of the sludge blanket and the concentrations above and below this during optimal operation
can be enlightened graphically, see Figure 9. An important objective, which is necessary for
obtaining optimal operation in steady state, is that the settler is critically loaded, i.e., it is
used at its maximum capacity with respect to the feed flux subject to the fact that there is no
overflow of particles. Theorem 2 states that this objective can always be fulfilled and what
the possible obtainable steady-state solutions are. Unfortunately, the control variable Qu is
only defined implicitly as a function of the feed variables. On the other hand, the location
of the feed point in the operating charts for control in Figure 10 makes it easy to read the
value of Qu and the corresponding type of steady-state solution. Figure 11 visualises the
variation with respect to the feed point of the maximum values of the effluent volume flow
and underflow concentration, respectively, subject to the objective that the settler is critically
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loaded. Similarly, Figure 12 shows the maximum value of the thickening factor, i.e., the ratio
of the underflow concentration to the feed concentration.

In this paper we have only defined optimal operation in steady state and we have only
presented necessary conditions for obtaining this state. These conditions depend only on the
feed point. To ensure optimal operation in steady state, the initial data as well as the dynamic
behaviour need to be known in order to decide when to perform control actions. These issues
will be analysed in a subsequent paper [51].

One other important extension of this paper would be to include the second type of nonlin-
earity mentioned above. For such a refined model analogous results can hopefully be obtained,
yielding operating charts that would be more reliable for the operators of the plants. A further
step would be to obtain analogous results for a two- or three-dimensional model – radial
symmetry or rectangular tank, respectively – which takes flows in horizontal directions into
account.
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Appendix A. Lemmas and proofs

LEMMA 1. Let h(u) = fb(u)+ αu for 0 ≤ u ≤ umax with α ∈ R. Then

• h′(u)u− h(u) < 0 , 0 < u < umax ,

• the straight line y = βu with α < β < h′(0) intersects the graph of h at precisely one
point in (0, umax).

Proof. Properties (1) of fb imply that the continuously differentiable function ϕ(u) =
h′(u)u − h(u) = f ′

b(u)u − fb(u) satisfies ϕ(0) = 0, ϕ(umax) = f ′
b(umax)umax ≤ 0 and

ϕ′(u) = f ′′
b (u)u, which is negative for 0 < u < uinfl and positive for uinfl < u < umax. It

follows that ϕ(u) < 0 for 0 < u < umax and the first statement is proved. The second statement
can be proved by setting ψ(u) = (h(u)− βu) /u = fb(u)/u+(α−β). This is a continuously
differentiable function for 0 < u ≤ umax with the properties ψ(0+) = h′(0) − β > 0,
ψ(umax) = α − β < 0 and ψ ′(u) = ϕ(u)/u2 < 0 for 0 < u < umax. Hence, there is a unique
u1 ∈ (0, umax) with ψ(u1) = 0 ⇔ h(u1) = βu1, i.e., there is a unique intersection in the
interval (0, umax).

LEMMA 2. The following properties hold:

duM

dQu
=




0 , 0 ≤ Qu < Q̄u ,

− 1

Af ′′
b (uM)

< 0 , Q̄u < Qu < Qu ,

0 , Qu > Qu ,

(see Figure 9) (A1)
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d

dQu
f (uM(Qu),Qu) = uM(Qu)

A
, Qu ≥ 0 , (A2)

dum

dQu

Qu �=Qu= uM(Qu)− um(Qu)

Af ′
b (um(Qu))+Qu



> 0 , 0 ≤ Qu < Qu ,

= 0 , Qu > Qu ,

(see Figure 9) (A3)

∂flim

∂Qu
=



uf

A
, uf ∈ (0, um(Qu)) ∪ [uM(Qu), umax

]
,

uM(Qu)

A
, uf ∈ (um(Qu), uM(Qu)) ,

(A4)

∂E

∂Qu
= −∂flim

∂Qu
< 0 , (uf, s,Qu) /∈

{
uf = um(Qu), 0 ≤ Qu < Qu

}
, (A5)

∂uu

∂Qu

{ = 0 , (uf, s,Qu)∈
{
s>flim(uf,Qu),um(Qu)<uf ≤umax, 0<Qu ≤Q̄u

}
,

< 0 a.e. , otherwise .

(A6)

Proof; For Q̄u < Qu < Qu the definition of the local minimizer uM gives

∂f

∂u
(uM(Qu),Qu) = 0 ⇐⇒ f ′

b (uM(Qu))+ Qu

A
= 0 . (A7)

Hence (A1) follows. For all values of Qu ≥ 0 except Q̄u and Qu we have

d

dQu
f (uM(Qu),Qu) = d

dQu

(
fb (uM(Qu))+ Qu

A
uM(Qu)

)
=

=
(
f ′

b (uM(Qu))+ Qu

A

)
duM

dQu
+ uM(Qu)

A
.

The first term here is zero. This is because (A7) holds for Q̄u < Qu < Qu, and because
duM
dQu

= 0 holds for Qu ∈ [0, Q̄u) ∪ (Qu,∞). By continuity (A2) holds for all Qu ≥ 0. The

dependence of um on Qu for Qu < Qu is given implicitly by

f (um(Qu),Qu) = f (uM(Qu),Qu) ⇐⇒ fb (um(Qu))+ Qu

A
um(Qu) = f (uM(Qu),Qu) .

Differentiation with respect to Qu and using (A2) we obtain (A3), where the denominator
is equal to A

∂f

∂u
(um(Qu),Qu) > 0 for Qu < ¯̄Qu. (A4) and (A5) are straightforward to

obtain by using (A2). Differentiation of the underflow concentration (13) yields ∂uu/∂Qu =
−As/Q2

u < 0 for s < flim(uf,Qu). For s > flim(uf,Qu) and uf ∈ (0, um(Qu))∪
[
uM(Qu), umax

]
we have

∂uu

∂Qu
= −Aflim

Q2
u

+ A

Qu

∂flim

∂Qu
= −Af (uf,Qu)

Q2
u

+ uf

Qu
= −Afb(uf)

Q2
u

,

which is negative unless uf = umax. Similarly, for s > flim(uf,Qu) and um(Qu) < uf <

uM(Qu) we get
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∂uu

∂Qu
= −Afb (uM(Qu))

Q2
u




= −Afb(umax)

Q2
u

= 0 , 0 < Qu ≤ Q̄u ,

< 0 , Qu > Q̄u .

We note that the derivative ∂uu/∂Qu is not defined on the null sets (surfaces)
{
(uf, s,Qu) : s >

flim(uf,Qu), uf = um(Qu)
} = {

(um(Qu), s,Qu) : s > f (um(Qu),Qu)
}

and
{
(uf, s,Qu) :

s = flim(uf,Qu)
}
. (A6) is proved.

Proof of Theorem 2. It is easy to see that E(uf, s,Qu) is a continuous function on � ×
{Qu ≥ 0}. For a given (uf, s) ∈ � we have E(uf, s, 0) = s > 0, limQu→∞ E(uf, s,Qu) =
limQu→∞ (s − f (uf,Qu)) = −∞, and (A5) implies that E(uf, s, ·) is strictly decreasing.
Hence there exists a unique Qu = Q̃u such that E(uf, s, Q̃u) = 0. These arguments also imply
(12) and the continuity of Q̃u(uf, s) (the implicit-function theorem without differentiability).
The fact that (uf, s) ∈ �1(Q̃u) etc. is a direct consequence of the definition of �1, etc. With
the help of Lemma 2 we can differentiate the identity s = flim

(
uf, s, Q̃u(uf, s)

)
with respect

to uf to obtain

0 =



∂f

∂u
(uf, Q̃u)+ uf

A

∂Q̃u

∂uf
, uf ∈

(
0, um(Q̃u)

)
∪ (uM(Q̃u), umax

]
,

uM(Q̃u)

A

∂Q̃u

∂uf
, uf ∈

(
um(Q̃u), uM(Q̃u)

)
,

and with respect to s to obtain

1 = ∂flim

∂Qu

∂Q̃u

∂s
=



uf

A

∂Q̃u

∂s
, uf ∈

(
0, um(Q̃u)

)
∪ (uM(Q̃u), umax

]
,

uM(Q̃u)

A

∂Q̃u

∂s
, uf ∈

(
um(Q̃u), uM(Q̃u)

)
,

from which the properties of the derivatives follow. Note the continuity as uf = uM(Qu),
i.e., over the boundary between �2 and �3. The last statement of the theorem is proved sim-
ilarly. (A1) implies that f (uM(Qu),Qu) is a continuous and increasing function of Qu with
f (uM(0), 0) = f (umax, 0) = 0 and limQu→∞ f (uM(Qu),Qu) = limQu→∞ f (uinfl,Qu) =
∞. Hence, for given (uf, s) ∈ �3 there exists a unique Qu > 0 such that f (uM(Qu),Qu) = s,
i.e., (uf, s) ∈ �3(Qu).

Proof of (14a):

∂Q̃e

∂uf
= −As

u2
f

− ∂Q̃u

∂uf
.

The latter derivative is given by Theorem 2. Hence ∂Q̃e/∂uf = −As/u2
f < 0 for (uf, s) ∈ �2.

For (uf, s) /∈ �2 ∪ P1 the fact that s = flim(uf, Q̃u) = f (uf, Q̃u) together with Lemma 1
implies

∂Q̃e

∂uf
= −As

u2
f

− A

uf

∂f

∂u
(uf, Q̃u) = −A

uf

(
f (uf, Q̃u)

uf
− ∂f

∂u
(uf, Q̃u)

)
< 0 .
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Proof of (14b):

∂Q̃e

∂s
= A

uf
− ∂Q̃u

∂s
=



0 , (uf, s) /∈ �2 ∪ P1 ,
A

uf
− A

uM(Q̃u)
, (uf, s) ∈ �2 .

Since uf = uM(Q̃u) on the boundary between �2 and �4, the derivative is zero on the slightly
larger set �1 ∪ closure(�4). It is positive in the interior of �2, since uf < uM(Q̃u) there.
Proof of (14c): uf = umax implies

Q̃e(umax, s) = Aflim(umax, Q̃u)

umax
− Q̃u = AQ̃u

A
umax

umax
− Q̃u = 0.

This fact together with (14a) and the continuity of Q̃e implies (14c).
Property (14d) follows directly from Theorem 2.
Proof of (14f): uf = umax implies

ũu(umax, s) = Aflim(umax, Q̃u)

Q̃u

= AQ̃u
A
umax

Q̃u

= umax . (A8)

For (uf, s) ∈ �2 ∩ {(u, y) : y ≤ q̄uumax
}

we have Q̃u ≤ Q̄u, which implies uM(Q̃u) = umax

and s = flim(umax, Q̃u). As in (A8), ũu = umax follows. Hence, ũu = umax in ϒ . For other
feed points 0 < s = flim(uf, Q̃u) < f (umax) holds, which implies 0 < ũu = As/Q̃u <

Af (umax)/Q̃u = umax.
Proof of (14e): (14f) implies that ∂ũu/∂s = 0 holds in ϒ . For (uf, s) ∈ �2 \ϒ we have Q̃u >

Q̄u, uM(Q̃u) < umax, thus fb

(
uM(Q̃u)

)
> 0. Theorem 2 and the fact that s = f

(
uM(Q̃u)

)
=

fb

(
uM(Q̃u)

)
+ Q̃uuM(Q̃u)/A yield

∂ũu

∂s
= A

Q̃u

(
1 − s

Q̃u

∂Q̃u

∂s

)
= A

Q̃u

(
1 − sA

Q̃uuM(Q̃u)

)
= −

Afb

(
uM(Q̃u)

)
Q̃uuM(Q̃u)

< 0 .

For (uf, s) /∈ �2 ∪ P1 we have

∂ũu

∂s
= A

Q̃u

(
1 − sA

Q̃uuf

)
= −AQ̃e

Q̃2
u

{
< 0 , uf < umax ,

= 0 , uf = umax ,

by (14c). (14e) is proved.
Proof of (15a): We differentiate θ̃ = As/(Q̃uuf) and obtain

∂θ̃

∂uf
= − As

Q̃2
uuf

∂Q̃u

∂uf
− As

Q̃uu
2
f

.

Theorem 2 and the fact that ∂f /∂u(uf, Q̃u) = f ′
b(uf)+ Q̃u/A imply (15a).

Property (15b) follows from (14e).
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